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Abstract 

Let T be an ergodic automorphism of the d-dimensional torus T'', and / be a continuous function 
from T'' to K^. On the probability space T'* equipped with the Lebesgue-Haar measure, we prove the 
weak convergence of the sequential empirical process of the sequence {f oT^)i>i under some condition 
on the modulus of continuity of /. The proofs are based on new limit theorems and new inequalities 
for non-adapted sequences, and on new estimates of the conditional expectations of / with respect to 
a natural filtration. 

1 Introduction 

Let d> 2 and T'' = R'^/Z'' be the d-dimensional torus. For every a; G M'', we write x its class in T''. 
We denote by A the Lebesgue measure on M.'^, and by A the Lebesgue measure on T''. 

On the probability space (T'^, A), we consider a group automorphism T of T"*. We recall that T is 
the quotient map of a linear map T : K'^ — >■ K'' given by T{x) = S ■ x, where S* is a d x d-matrix with 
integer entries and with determinant 1 or -1. The map T preserves the infinite Lebesgue measure A 
on R'^ and T preserves the probability Lebesgue measure A. 

We assume that T is ergodic, which is equivalent to the fact that no eigenvalue of S" is a root of 
the unity. This hypothesis holds true in the case of hyperbolic automorphisms of the torus (i.e. in the 
case when no eigenvalue of S has modulus one) but is much weaker. Indeed, as mentionned in jH], the 
following matrix gives an example of an ergodic non-hyperbolic automorphism of : 
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When T is ergodic but non-hyperbolic, the dynamical system (T'*, T, A) has no Markov partition. How- 
ever, it is possible to construct some measurable partition (see |11)). and to prove some decorrelation 
properties for regular functions (see PH ITU] ^- 
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Let i be some positive integer, and let / = {fi,---fe) be a function from T"* to K^. On the 
probability space (T'', A), the sequence (/ o T'')k£z is a stationary sequence of R^-valued random 
variables. When £ = 1 and / is square integrable, Le Borgne [5] proved the functional central limit 
theorem and the Strassen strong invariance principle for the partial sums 

n 

1=1 

under weak hypotheses on the Fourier coefficients of /, thanks to Gordin's method and to the partitions 
studied by Lind in [TT]. In the recent paper [3], we slightly improve on Le Borgne's conditions, and 
we show how to obtain rates of convergence in the strong invariance principle up to n^/*log(7i), by 
reinforcing the conditions on the Fourier coefficients of /. 
Now, for any s g R^, define the partial sum 

n 

Sn{s)=Y,{lfoT''<s-F{s)), (LI) 
k=l 

where as usual 1/ot'»<s — 1/ioT'''<si x ••• x 1/joT'=<s41 a-nd F(s) — X(lj:oT>'<s) is the multivariate 
distribution function of /. 

In this paper, we give some conditions on the modulus of continuity of / for the weak convergence 
to a Gaussian process of the sequential empirical process 

[^M^,te[0,l],seR'}. (1.2) 

The paper is organized as follows. Our main results are given in Section [2] and proved in Section 
m The proofs require new probabilistic results established in Section [3] combined with a key estimate 
for toral automorphisms which is given in Section |4l Let us give now an overview of our results. 

In Section [2. 1[ we consider the case where i = 1 and Sn is viewed as an L^-valued random variable 
for some p £ [2,oo[ (this is possible because J \Sn{s)\^ds < oo for any p G [2,oo[), so that the 
sequential empirical process is an element of £'lp([0, 1]), the space of L^'-valued cadlag functions. We 
prove the weak convergence on Z)lp([0, 1]) equipped with the uniform metric to a L^-valued Wiener 
process, and we give the covariance operator of this Wiener process. The proof is based on a new 
central limit theorem for dependent sequences with values in smooth Banach spaces, which is given 
in Section [XTTlJ 

In Section 12. 2[ we state the convergence of the sequential empirical process (|1.2p in the space 
^°°([0, 1] X R^) of bounded functions from [0, 1] x R^ to R equipped with the uniform metric. In that 
case, the limiting Gaussian process is a generalization of the Kiefer process introduced by Kiefer in 
[8] for the sequential empirical process of independent and identically distributed random variables. 
The proof is based on a new Rosenthal inequality for dependent sequences, which is given in Section 
13.1.21 The weak convergence of the empirical process {n~^^'^Snis), s S R^} has also been treated in 
[7] and [6]. We shall be more precise on these two papers in Section [2T2] 

To prove these results, we shall use a control of the conditional expectations of continuous ob- 
servables with respect to the filtration introduced by Lind [11], involving the modulus of continuity 
of the observables (See Theorem [T51 of Section 2]). As far as we know, such controls were known for 
Holder observables only (see [in]). The inequalities given in Theorem [TH] can be used in many other 
situations. Let us give two examples of applications. Let / be a continuous function from T"^ to R 
with modulus of continuity uj{f,-) (see Section H] equation ()4.ip . for the definition). 

1. Weak invariance principle. If 

Jo t|l0gi|l/2 
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then the series 

cr'if) = A((/ - Mm + 2 ^ A((/ - A(/)) -foT') 

k>0 

converges absolutely, and the process 

[nt] 

converges to a Wiener process with variance cr^{f) in the space D([0, 1]) of cadlag function 
equipped with the uniform metric . 



2. Rates of convergence in the strong invariance principle. Let p e]2,4], and assume that 
^{f^ x) < C\ log(a;)|~'' in a neighborhood of for some a > 



1 + y/l + 4p(p - 2) ^ ^ 2 
2p p ■ 

Then, enlarging T'' if necessary, there exists a sequence {Zi)i>i of independent and identically 
distributed Gaussian random variables with mean zero and variance cr^(/) such that, for any 
t > 2/p, 



k 

sup \^f°T' + ^Z^\^ o(7i.^/^'(log(n))(*+i)/2) almost surely as n ^ oo. 

l<A;<n 



4=1 1 = 1 



In particular, we obtain the rate of convergence n^/''log(n) as soon as a > 3/2. This follows 
from Theorem 3.1 in |3]. 

2 Empirical central limit theorems 
2.1 Empirical central limit theorem in 

In this section, is the space of Borel-measurable functions g from R to R such that Adgj^) < oo, X 
being the Lebesgue measure on R. If / is a bounded function, then, for any any p € [2, oo[, the random 
variable Sn defined in is an L^-valued random variable, and the process {n~^/^S[nt],t & [0, 1]} 
is a random variable with values in Dlp([0, 1]), the space of L^-valued cadlag functions. In the 
next theorem, we give a condition on the modulus of continuity •) of / under which the process 
{n~^^^S[nt] ,t & [0, 1]} converges in distribution to an L^'-valued Wiener process, in the space Dlp ([0, 1]) 
equipped with the uniform metric. We refer to Sectional equation (|4.ip . for the precise definition of 

By an L^'-valued Wiener process with covariance operator Ap, we mean a centered Gaussian process 
W = {Wt,t e [0, 1]} such that E(||W^t|jJp) < oo for all t e [0, 1] and, for any g,h in {q being the 
conjugate exponent of p), 



Covf / g{u)Wt{u)du, I h{u)Ws{u)du \ = min(t, s)Ap(g, /i) . 

Theorem 1. Let / : T"^ — > M 6e a continuous function, with modulus of continuity ui{f,-). Let 
p € [2, cx)[, and let q be its conjugate exponent. Assume that 

{uif^ 

^— -Y-, — dt < oo . 

t|logi|Vp 
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Then the process {n ^/^S'[„t],t G [0,1]} converges in distribution in the space _Dlp([0, 1]) to an U'- 
valued Wiener process W , with covariance operator Ap defined by 

Ap(g, /i) = Covf / g[s)\f<:sds, / h[s)lfaT''<sds\ , for any g,h inU . (2-1) 

The proof of Theorem [T] is based on resuhs of Sections [3] and H] and is postponed to Section [H 

Remark 2. In particular, if f is Holder continuous, then the conclusion of Theorem]^ holds for any 
pe [2,oo[. 

Let us give an apphcation of this theorem to the Kantorovich-Rubinstein distance between the 
empirical measure of (/ o T')i<i<„ and the distribution fi of /. Let 

n ^ k 

in = -^i5^oT' and fin.k = -i{n- k)^ + '^SfoT 



n 

i=i i=i 
The Kantorovich distance between two probabihty measures vi and V2 is defined as 

K{vi,V2) =inf I j \x ~ y\\{dx,dy),X e M{vi,V2)^, 

where M{vi, V2) is the set of probabihty measures with margins vi and V2- 

Corollary 3. Let / : T'' — > R 6e o continuous function, with modulus of continuity a;(/, •). Assume 
that 

/ — dt < 00 . 

Jo VI log ^1 

Then y/nK{fin, fi) converges in distribution to ||Wi||li, '"^'^ sup]^<j,<„ Y^i^(/i„,A:, /^) converges in dis- 
tribution to supjgjQ ^ \\Wt\\-Li, where W is the -valued Wiener process with covariance operator A2 
defined by ((2TT|) . 

Proof of Corollary\^ Applying Theorem [1] with p = 2, we know that {n-^/'^S[ni\,t G [0, 1]} converges 
in distribution in the space Dijt{[Q, 1]) to an L^-valued Wiener process W , with covariance operator A2 
defined by ()2.ip . Since / is continuous on T'^, it follows that |/| < M for some positive constant M, so 
that S[nt] {s) = and Wt{s) = for any t G [0, 1] and any \s\ > M. Since || • is a continuous function 
on the space of functions in l7 with support in [— M, M], it follows that n~^/^||S'„||Li converges in dis- 
tribution to ||Wi||li, and that suptgjg rt~"'^/^||S'[„t]||Li converges in distribution to supjgjg ^] 
Now, if vi and 1^2 are probabity measures on the real line, with distribution functions F^-^ and Fi,2 
respectively. 



K{vi,V2) = JjF,,{t)- F,,{t)\dt. 

Hence n_fi'(/x„, /x) = |15„||li and supi<fc<„ ni^(^„,A:, A^) = supjg[o 1] ll'5'[Tit]||Li, and the result follows. 

□ 

2.2 Weak convergence to the Kiefer process 

Let € be a positive integer. Let f — {fi, . . . , fe) he a. continuous function from T'' to R^. The modulus 
of continuity Lj{f, •) of / is defined by 

= sup uj{fi,x) , 
i<i<e 
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where we recall that u!{fi,x) is defined by equation (|4.ip . 

As usual, we denote by £°°{[0, 1] x M^) the space of bounded functions from [0, 1] x to R equipped 
with the uniform norm. For details on weak convergence on the non separable space £°°([0, 1] x R^), 
we refer to |17| (in particular, we shall not discuss any measurability problems, which can be handled 
by using the outer probability). 

For any positive integer £ and any a g]0, 1], let 

/ p {p — 1) (2a -\- p] \ 
a{£, a) = min ge,a{p), where ge.a{p) = max — — , . (2.2) 

p>max(£+2,2^) \a(p—2l) pa / 

Note that this minimum is reached at pi ~ max(3,po)i where po is the unique solution in ]2£,A£[ of 
the equation 

P _ {p-l)ip + 2a) 
ip-2£)- p ^'-^^ 

(in particular, pi = pq if £ > 1). 

We are now in position to state the main result of this section. 

Theorem 4. Let f = (/i, . . . , /f) : T'' — > R^ 6e a continuous function, with modulus of continuity 
oj{f, ■)• Assume that the distribution functions of the fi 's are Holder continuous of order a S]0, 1]. // 

w(/, a;) < C| log(a;)|~° for some a>a{£,a), 

then the process {n~^^'^S[nt] {s),t G [0, 1], s S R^} converges in distribution in the space £°°{[0, 1] x R^) 
to a Gaussian process K with covariance function F defined by: for any {t,t') G [0,1]^ and any 
(s,s') G R^ X R^ 

r(t, t' , s, s') = min{t, t')A{s, s') with A(s, s') = Cov(l foT<s, 1 /oT'=<s') • 

The proof of Theorem U] is given in Section [S] It uses results of Sections [3] and 2] 
Remark 5. Using the Cardan formulas (see the appendix) to solve 112. we get 



£ + 1 - a p' I 1 

Po ~ 2 h 2W — — - cos - arccos ( — ^ 




with 



and 



p' := -Aai + 2e-2a- \{-2e + 2a - 2)^ < 

q := -^{-21 + 2a- 2){2{-2£ + 2a - 2f + i&at - 18£ + 18a) + Aa£ . 

For example, for a = £ ~ 1, we get po ^ 2.903211927 and finally a(l, 1) ~ 10/3. 

Recall that, by Theorem{ll if £ = 1 andp g]2,oo[, the weak invariance principle holds in Dlp([0, 1]) 
as soon as a > p — 1 without any condition on the distribution function of f . 

The weak convergence of the (non sequential) empirical process {n-^/^Sn{s),s G R^} has been 
studied in [7] and [S]- When £ = 1, a consequence of the main result of the paper [7] is that the 
empirical process converges weakly to a Gaussian process for any Holder continuous function / having 
an Holder continuous distribution function. In the paper [6] this result is extended to any dimension 
£, under the assumption that the moduli of continuity of the distribution functions of the /^'s are 
smaller than C\ log(x)|~° in a neighborhood of 0, for some a > 1. 
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Note that, in our case, one cannot apply Theorem 1 of [5]. Indeed, one cannot prove the muhiple 
mixing for the sequence (/or')igz by assuming only that uj{f,x) < C\ log(a;)|^" in a neighborhood of 
zero (in that case one can only prove that |Cov(/, /oT")| is 0(71"")). However, even if our condition 
on the regularity of / is much weaker than in |6], our result cannot be directly compared to that of 
[6], because we assume that the distribution functions of the /^'s are Holder continuous of order a, 
which is a stronger assumption than the corresponding one in [6]. 

3 Probabilistic results 

In this section, C is a positive constant which may vary from lines to lines, and the notation a„ <ti &n 
means that there exists a numerical constant C not depending on n such that an a„ < Cbn, for all 
positive integers n. 

3.1 Limit theorems and inequalities for stationary sequences 

Let {D.,A,F) be a probability space, and T : O 1— > 51 be a bijective bimeasurable transformation 
preserving the probability P. For a cr-algebra satisfying J^q C r~^(J'o), we define the nondecreasing 
filtration {J-i)i£z by J"i = T^'(J'o)- Let J'-oo = HfeGZ-^fe = Vfeez-^fe- '^'^^ ^ cr-algebra 

of T-invariant sets. As usual, we say that (T, P) is ergodic if each element A of I is such that P(^) = 
or 1. 

Let (B, I • |b) be a separable Banach space. For a random variable X with values in B, let ||X||p = 
(E{\X\l)y/P and Lp(B) be the space of B-valued random variables such that ||X||p < 00. For X G 
Li(B), we shah use the notations Ek{X) = E{X\Tk), V,ao{X) = E{X\Too), E-oo(^) = E(X|J'„oo), 
and Pk{X) = Ek{X) - Ek-i{X). Recall that E(X| J"„) o T™ = E{X o T"'\Tn+m). 

Let Xo be a random variable with values in B. Define the stationary sequence {Xi)i(=z by Xi = 
Xq o T*, and the partial sum Sfi by Sn=Xi+X2 + ---+Xn. 

3.1.1 Weak invariance principle in smooth Banach spaces 

Following Pisier [TC], we say that a Banach space (B, | • |b) is 2-smooth if there exists an equivalent 
norm || • || such that 

sup sup{|lx + ty\\ + \\x - ty\\ - 2 : = \\y\\ = 1}} < 00 . 
t>o J 

From [16], we know that if B is 2-smooth and separable, then there exists a constant K such that, for 
any sequence of B-valued martingale differences (-Di)i>i, 

n 

E{\D, + ■ ■ ■ + Dn\l) < kY.E{\D,\1) . (3.1) 

i=l 

From [12], we see that 2-sniooth Banach spaces play the same role for martingales as space of type 
2 do for sums of independent variables. Note that, for any measure space (T, ^, L,p{T,A,i') is 
2-smooth with K = p—1 for any p> 2, and that any separable Hilbert space is 2-smooth with K = 2. 

Let -Db([0, 1]) be the space of B-valued cadlag functions. In the next theorem, we give a condition 
under which the process {n~^/^S'[„(] ,t € [0, 1]} converges in distribution to an B-valued Wiener process, 
in the space Z?b([0, 1]) equipped with the uniform metric. 

By an B-valued Wiener process with covariance operator Ar, we mean a centered Gaussian process 
W = {Wt, t e [0, 1]} such that E(|Wt|B) < °° fo^' '^^^ * '= [0> 1] ^-^id, for any g, h in the dual space B*, 

Cov(g(Wt), h{W,)) - min(t, s)Ab(5, h) . 
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Proposition 6. Assume that M be a 2-smooth Banach space having a Schauder Basis, that (T, P) is 
ergodic, that H^olb < oo and that E(Xo) = 0. // 

^||Po(^.)ll2<oo (3.2) 

feGZ 

then the process {n^^^^S[nt],t e [0,1]} converges in distribution in the space Db([0,1]) equipped with 
the uniform metric to a M-valued Wiener process Waj, where An is the covariance operator defined by 

for any g, h in M* , A^ig, h)^Y^ Cov{g{Xo), h{Xk)) . 

Proof of Proposition^^ Let us prove first that the resuh holds if E(Xo|J^_i) = 0, that is wlien {Xk)kGi, 
is a martingale difference sequence. As usual, it suffices to prove that: 

1. for any = < < ■ ■ ■ < td = 1 

—7={Slnti],Slnt2] ~ S[nti], ' ' ' , Slnta] ~ '5'[ntrf_i]) 

converges in distribution to a the Gaussian distribution /i on B'' defined by /i = (g) /i2 • • • (8) fid, 
where is the Gaussian distribution on B with covariance operator Ci : 

for any g, hinM*, C,{g, h) = {t, - t,_i)Cov(g(Xo), h{Xo)) . 

2. For any e > 0, 



lim linisup -Pf max \Sk\K>2\/n£\ —Q 

<5-!-0 „_>oo \l<k<[nS] J 



The first point can be proved exactly as in [18], who proved the result only for ti = 1. Let us prove 
the second point. For any positive number M, let 

X[ ~ Xi\\x^\^,<u ~^{^i^\Xi\s<,M\^i-\) and X'l^Xi-X[. 

Let also S'^^X{^ V X'^ and S',[ = H h X'^. Since 1 is 2-smooth, Burkholder's inequality 

holds (see for instance ^S]), in such a way that E(maxi<fc<„ IS'^Ib) < KqM'^n'^/^ for any q > 2. Hence, 
applying Markov's inequality at order g > 2, 

max > ^ne < 



S Vi<T<in<5]' ' " ""J 
As a consequence, we get that 

limlimsupipf max ISIIb > \/ne] ~ 0. (3.3) 

5^0 n^oo d \l<k<[n5] ' ^ 7 

In the same way, applying Markov's inequality at order 2 

-¥( max \S'^U > V^e) < ^E{\Xo\ll\x„UyM) ■ (3.4) 

The term E(|Aro|Bl|Xo|i>M) is as small as we wish by choosing M large enough. The point 2 follows 
from (IS3D and (j^ . 
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We now consider the general case. Since B is 2-smooth, Burkholder's inequality holds and so 
Proposition 4.1 in jl| applies: if p.2p holds, then, setting dk = J2ii£Z-Pk{Xi), we have 



max 

l<fe<n 



Vx,-VdJ =o(V^). (3.5) 

^ — ' — ' IB 2 

1=1 i=l 

Since {di)i£z is a stationary martingale differences sequence in L^(B), we have just proved that it 
satisfies the conclusion of Proposition [51 From p.Sp it follows that the conclusion of Proposition |5] is 
also true for (Xi)igz with 

Ab(5, h) Cov{g{do),h{do)), for any g, h in B*. 

It remains to see that this covariance function can also be written as in Proposition [B] Recall that, 
for any g and h in B*, 

^|Cov(5(Xo),M^fc))|< (^||Po(g(^fe))||2)(Eil^o(M^fe))ll2) <oo. 

fcez fcez feez 

(see the proof of item 1 of Theorem 4.1 in 0]). Hence, for any g in B*, 

1 " 2 

^To.n^{{T.9iXk)) ) =5]Cov(5(Xo),g(Xfe)). (3.6) 

k=l feGZ 

Now, from (|3.5p . we also know that 

1 " 2 

hm -E((5^.g(X,)) ) =E((5(do))'). (3.7) 

k=l 

Applying p.6p and (|3.7p with 5, /i and g + h, we infer that 

Cov(g(do), /i(do)) = 51 Cov(g(Xo), /i(Xfc)) , 
fcez 

which completes the proof. □ 
3.1.2 A Rosenthal inequality for non adapted sequences 

We begin with a maximal inequality that is useful to compare the moment of order p of the maximum 
of the partial sums of a non necessarily adapted process to the corresponding moment of the partial 
sum. The adapted version of this inequality has been proven in the adapted case (that is when is 
J^Q-measurable) in [T^. Notice that Proposition 2 of [T^] is stated for real valued random variables, 
but it holds also for variables taking values in a separable Banach space (B, | • |b)- 

Proposition 7. Let p > I be a real number and q be its conjugate exponent. Let Xq be a random 
variable in LP(B) and a a-algebra satisfying J-q C T~^{To). Then, for any integer r, the following 
inequality holds: 



max 1 5'„ 

l<m<2'- 



r — 1 7' 

< q\\S24p + 92'-/''^ 2-^/f ||Eo(520!lp + {q + 1)2'-/^ ^ 2-^/f ||52. - E2.(5201Ip • 

(3.8) 
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Remark 8. // we do not assume stationarity, so if we consider a sequence {Xi)i^x Lp(B) for a 
p > 1, and an increasing filtration our proof reveals that the following inequality holds true: 

for any integer r, 



max I S„ 

l<m<2^ 



■ 1/p 



< q\\S2'-\\p + q 

P I n 7 1 



1=0 k=l 

2'' 



1/p 



+ (? + 1) E ( E \\^k2' - S(k-1)2' - ^k2' {Sk2' - 'S'(fe-l)20llp 
1=0 k=l 

Remark 9. Under the assumptions of Proposition\^ we also have that for any integer n, 

max \SkW < 2g max^ \\Sk\\p + apU ^ ^i+i/, + bpU }^ -—j-^ , (3.9) 

- - ^ - - i=i 1=1 

where 

ar, — ; — TT- o,nd bj) ~ 2(q + 1) — ^-j- . 

The proof of this remark will be done at the end of this section. 

In the next results, we consider the case where (B, | • |b) = (IR, | ■ |)- The next inequahty is the non 
adapted version of the Rosenthal type inequality given in [T^ (see their Theorem 6). 

Theorem 10. Let p > 2 be a real number and q be its conjugate exponent. Let Xo be a real-valed 
random variable in L'' and To a a-algebra satisfying J-q C T^^{J-'o). Then, for any positive integer r, 
the following inequality holds: 

e( maxj^.r) «2'-E(|Xo|f + 2^ (E^W^)' + '^ (E^^^^|S^)' 

+ E ^'^L/p " ' (3-10) 

\fc=0 / 

where 5 = min(l, l/{p — 2)). 

Remark 11. The inequality in the above theorem implies that for any positive integer n, 

/ n \V/2n \P 

E(^maxJ5,r) <t: nEi\X^\r + n ij^ -^^\\MSk)\\pj + " ( E ^TTTatH^'^ " j 

/ n \ P/(25) 

To see this, it suffices to use the arguments developed in the proof of Remark together with the 
following additional subadditivity property: for any integers i and j, and any S g]0, 1]; 

\\MShX/2 < 2'l|Eo(Sf)||p/2 + 2^!|Eo(^|)||,/2 . 
So, according to the first item of Lemma 37 of JlSf/ . for any integer n e]2'"~^, 2''], 



2^ ^25fc7p ^ 2^ }^l+26/p\\^^y^k)\\p/2 ■ 

k=0 k=l 
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Remark 12. Theorem 1 1 0\ has been stated in the real case. Notice that ij we assume Xq to he in L''(B) 
where (B, | • |b) is a separable Banach space and p is a real in ]2,oo[, then a Rosenthal-type inequality 
similar as I13.10\} can be obtained but with a different S for 2 < p < A. To be more precise, we get that 

\fc=0 / \fc=0 / 

(3.11) 

where S ~ min(l/2, l/(p — 2)). The proof of this inequality is given later. 

As a consequence of p.lOp . one can prove the following inequality. This inequality will be used to 
prove the tightness of the sequential empirical process (|1.2p in the space £°°{[0, 1] x R^) (see the proof 
of Theorem HI Section [5|) . 

Proposition 13. Let p > 2. Let Xq be a real-valed random variable in V and J-q a a-algebra 
satisfying J-q C T^^{Tq). For any j > 1, let 

A{X,j) ^ ma.x(2sup\\Eo{XaJ+^)\\p/2, sup ||Eo(XjXj+,) - E(X,^j+,)llp/2) • (3.12) 

^ i>0 0<i<j ^ 

Then for every positive integer n, 

n-l J ,2 " 1 

J2mXoXk)\) +ni/f||Xi|l, + nVP^_||Eo(X,)|!, 



max \Sj\ 




l<j<n 


p ^ 



k=0 k=l 
2n 



1/2 



fc=l k=\ 



where 7 can he taken 7 = for 2 < p < 3 and 7 > p — 3 for p > 3. The constant that is implicitly 
involved in the notation <^ depends on p and 7 hut it depends neither on n nor on the Xi 's. 

The proof of this proposition is left to the reader since it uses the same arguments as those 
developed for the proof of Proposition 20 in |12) . 

We would like also to pint out that Theorem [TU] implies the following Burkholder-type inequality. 
This has been already mentioned in the adapted case in [12l Corollary 13]. 

Corollary 14. Let p > 2 he a real number, Xq he a real random variable in V and J-q a a-algebra 
satisfying J^q C T~^{J-o). Then, for any integer r, the following inequality holds 

E(^max^ « 2'-P/2E(|Xor) + 2'-f/2 ( ^ M^iik^ + 2'-^'/2(^ 

The above corollary (up to constants) is then the non adapted version of [131 Theorem 1] when 
p > 2. Let us give an application of it for the partial sums associated to continuous functions of the 
iterates of an ergodic automorphism of the torus. Let T be a ergodic automorphism of T'' as defined 
in the introduction. Let / be a continuous function from T"^ to R with modulus of continuity w(/, •) 
(see Section HI equation (|4.ip , for the definition) . Using Corollary [T3] together with Theorem (TH] (see 
also Remark [TI?|) . we infer that if 



t|logt|V2 



dt < 00 , 
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then for any p > 2, 



< n 



1/2 



Proof of Proposition\l[ For any fc G {1, . . . , 2''}, we have that 
Consequently 



max IS'fcli 

l<fc<2'- 



< 



max \Ek{S2r)\i 

l<fe<2'- 



max |E2.--m(S'2'- - St-^vi)\i 

l<m<2'--l 



+ II52. -E2..(520llp- 

Following the proof of Proposition 2 in |T^ , we get that 



max \Sm-Km{Sm)\M ■ (3.13) 
l<m<2^ — 1 p 



max |Efc(S'2'-)|i 

l<fc<2'- 



So, by stationarity, 



max |Efc(S'2'-)|B 



max |E2^_m('S'2'- - S'2'--m)|l 
l<m<2'--l 



r-1 2'-'^l 



=0 fe=l 



1/p 



max |E2^_m(5'2'- - S2^-m)\l 
l<m<2^ — 1 



< 9 !1E(52. 1-F2OIIP + 'Za''/^' ^ 2-^/P||E(52. |-Fo)I1p • (3.14) 



We now bound the last term in the right hand side of p.l3p . For any me {1,...,2''— l},we consider 
its binary expansion: 



= &i(m)2*, where bi{m) = or 6,;(m) = 1 . 



Set nil ~ X]i=i ^i(™)2', and write that for any p > 1, 



r-l 



\Srn E,n(S'm)|B ^ ^ ^ | ■S'nt, »S'm; + i Ej„(S'm, '5'mi + i)|B: 



(3.15) 



i=0 



since So = and to^ = 0. Now, since for any Z = 0, . . . , r — 1, J>„, C J^„;, the following decomposition 
holds: 



Notice that mi ^ mj+i only if m/ = fc„i^;2' with odd. Then, setting 



B,.,/ - max \Sk2i - 3/^-1)2' - ^k2' iSk2' - Srk-1)2')\M , 

l<k<2^^\k odd 



11 



it follows that 

Starting from (|3.15p . we then get that 

max \S,n - '^rniSm)\n <y^\\Br,i\\p + y^\\ max \E{Brj\J^„ 

l<m<2^ — 1 r> ^ — ^ ^ — ^ II l<m<2^ — 1 

Since {K{Br^i\J-m))m>i is a martingale, by using Doob's maximal inequality, we get that 



r-l 



r-l 



max \EiBr,l\^ra)\ < q\\EiBr,l\^2r-l)\\p < q\\Br,l\\p : 



l<m<2^-l 



yielding to 
Since 

we derive that 

||52- - £2.(^2^11: 



r-l 



max \Sm-Em{.S^)W < (? + 1) V !|Br./||p 
l<m<2^ — 1 p ^ — ^ 

- - ^1=0 



Br,l < I ^ \Sk2' - S'(A;-1)2' -Ei,2l(5fe2i - 'S'(fc_l)2i ) ll 



1/p 



max 15"™ - E™(S'm)|i 

1<?71<2^ — 1 

r-l 2''"'-l 



, 1/P 



Z=0 fc=l 



r-l 



X! Il'5'fc2' - '5'(fc-l)2' - Efc2'('S'fe2' - 'S'(fc-l)20llp) 

So, by stationarity, 

max \Srn'E,n{S,n)\« < (g + 1)2'^/^ V 2-'/^ || ^2. - Ej, (^20 1 1 p ■ (3.16) 

l<m<2^ — 1 n ^ — ^ 

- - ^ 1=0 

Starting from (|3.13p and taking into account (|3.14p and (|3.16p . the inequality (|3.8p follows. 

□ 

Proof of Theorem [JR Thanks to Proposition[7l it suffices to prove that the inequality (|3.10p is satisfied 
for E(|S'2'- I'') instead of E(maxi<j<2'- 15^1^). Let a„ = ||5'„||p. According to the proof of Lemma 11 in 
[12| , the theorem will follow if we can prove the following recurrence formula: for any positive integer 
n, 



a^„ < 2< + ciari(l|Eo(5„)||p + - E„(5„)||p) + C2al-''\\Eo{SlX/ 



(3.17) 



where ci and C2 are positive constants depending only on p. To prove (|3.17p . we denote by Sn = 
Xn+i + ■ ■ ■ + and we write that 

'S'2ri = Sn — En{Sn) + E„(5',i) + Sn ■ 

Recall first the following algebraic inequality: Let x and y be two positive real numbers and p > I 
any real number. Then 

(x + yf <xP +yP + 4P{xP-^y + xyP~^) . (3.18) 
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(see Inequality (87) in [12]). The above inequality with x = |E„(S'„) + S'„| and y = |5„ — E„(S'„)| 
gives 

aP„ < ||E„(5„) + SJP + \\Sr,- En{S,,)\\; 

+ 4fE(|E„(5„) + Snr'\Sn - E„(5„)|) + 4»'E(|E„(5„) + 5„||5„ - E„(5„)|p-1) , 

which combined with Holder's inequality and stationarity leads to 

< ||E„(5„) + 5„||p + 2^-1(1 + 22p+i)<-i||5„-E„(5„)||p. (3.19) 

Starting from (|3.19p . (|3.17p will follow if we can prove that there exist two positive constants c and 
C2 depending only on p such that 

||E„(5„) + SnVp < 2< + c<-i||Eo(5„)||p + C2aP-''\\Eo{Sl)\\l/, . 

This inequality can be proven by following the lines of the end of the proof of Theorem 6 in |12) . 
Indeed, it suffices to replace in their proof, x = Sn x = E„(S'„), and to use the following estimates 
(coming from the proof of their lemma 34 and the stationarity assumption): for any reals p and u 
such that < u < p — 2, 

E(|E„(5„)n5„r-") < ar2"/(p-2)|iE„(52)ii;/^^-') , 

and 

E(|E„(5„)rl|5„|)<a^^llE„(5^)l!;;^ 

□ 

Proof of RemarkUM As it is pointed out in the proof of Theorem [TUl the remark will be proven with 
the help of Proposition [3 if we can show that 



af„ < 2al + ciari||5„ - E„(5„)||p + C2aP-''\\Eo{\Sng)\\l/ 



2 I 



where al^ = E{\Sn\a); "-i ^^'^ '-s £^re positive constants depending only onp and S = min(l/2, l/(p— 2)). 
Indeed, the second term in the right-hand side of (|3.8p can be bounded by the last term in the right- 
hand side of p. lip . To see this it suffices to use Jensen's inequality and the fact that S < 1/2. 

Starting from (|3.19p (by replacing the absolute values by the norm | • |b), we see that to prove the 
above recurrence formula it suffices to show that there exists a positive constant c depending only on 
p such that 

||E„(5„) + 5„|1^ < 2al + caP-''\\Eo{\SX)\\l/^ . 

The difference at this step with the proof of Theorem [10] is that the inequality (|3.18p is used whatever 
p e]2,cx3[ (in Theorem \T0\ so in the real case, when p <e]2,4[ more precise inequalities can be used as 
done in the proof of Theorem 6 in [12]). □ 

Proof of Corollary \14\ To prove the corollary, it suffices to show that for any < 5 < 1 and any real 
p>2, 

and to apply Theorem [TUl Following the proof of Lemma 12 in [T^] and setting fe„ — j|Eo(S'^)||p/2j we 
infer that p.20p will follow if we can prove that, for any integer n, 

b2n < 26„ + 2blP\\Eo{S„)\\p + 2blf'\\Sn - E„(5„)||p . (3.21) 
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By using the notation Sn = X„+i H h X„ and the fact that S'|„ = 5*,^^ + 5*,^^ + 2E„ (S'„)S'„ + 2(S'„ - 

En(5„ ))(§„, we get, by stationarity, that 

b2n < 2fe„ + 2||Eo(E„(5„)E„(5„))||p/2 + 2||Eo((5„ - E„(5„))5„) ||p/2 . 

Hence the inequahty p.2ip fohows from the following upper bounds: Applying Cauchy-Schwarz in- 
equality twice and using stationarity, we get 

||Eo(E„(5„)E„(5„))|!p/2 < ||Eo(E2(5„))||;/2 X ||Eo(E2(5„))||;/2 
< ||E„(52))||i/2 ^ ||E2(5„)j|V2 < 6y2||Eo(5„)||p, 

and 

||Eo((5„ -E„(5„))5„)llp/2 < l|Eo(((5„ -E„(5„))2)||J/2||Eo(52)||J/2 
<6y2||^„_E„(5„)||p. 



□ 



Proof of Remark\^ Let n and r be integers such that 2^ ^ < n < 2^ . Notice first that 



l<fc<ra "P " l<fc<2'- 



max l^felBll < II max I^^Ib and HS-aHIp < 2||52.-i ||p < 2 max ||5fe||p (3.22) 



p 



l<k<n 



(for the second inequality we use the stationarity). Now, setting Vm — ||Eo(<S'm)||p, we have by 
stationarity that for all n,m > 0, Vn+m < Vn + Vm and then, according to the first item of Lemma 
37 of [H], 

r,r/p\^r,-i/pu„ (q Nil ^ 1/ 2^/P2^+^/P ||Eo(5'fc)||p 

e=o k=i 

2^+Vp ^ \\MS,)\\, 
' 1 _ 2-i/P-i fci+i/P ■ ^'^■^■^> 

k=l 



On an other hand, let Wm — \\Sm ~ ^m{Sm)\\p, and note that the following claim is valid: 

Claim 15. If T and Q are a-algebras such that Q <Z T , then for any X in LP(B) where p > 1, 
\\X - E{X\T)\\p <2\\X- E{X\g)\\p. 

The above claim together with the stationarity imply that for all n,m> 0, Wn+m < 2(W„ + Wm). 
Therefore, using once again the first item of Lemma 37 of [T^, we get that 

r/r>j22-^/^S2.~EAS2.)\\p < 2n^/^Y^^^E^^7l|^. (3-24) 

^=0 i=l 



The inequality p.9p then follows from the inequality (|3.8p by taking into account the upper bounds 
([3:221) . ((3:23)1 and (13:241) . □ 
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3.2 A tightness criterion 

We begin with the definition of the number of brackets of a family of functions. 

Definition 16. Let P be a probability measure on a measurable space X . For any measurable function 
f from X to M, fet ||/||p.i = P(|/|). //||/||p.i is finite, one says that f belongs to Lp. Let J- be some 
subset of Lp. The number of brackets A/'p.i(e, J^) is the smallest integer N for which there exist some 
functions f^ < /i, . . • , /jy ^ In in T such that: for any integer 1 < i < N we have \\fi — /j~||p,i < e, 
and for any function f in T there exists an integer 1 < i < N such that f~ < f < fi- 

The first step in the proof of Theorem 2] is the following proposition, whose proof is based on a 
decomposition given in P] (see also 

Proposition 17. Let {Xi)i>i be a sequence of identically distributed random variables with val- 
ues in a measurable space X, with common distribution P. Let Pn be the empirical measure Pn = 
X]r=i ^^i' ^'^'^ empirical process Sn = n{Pn — P)- Let T be a class of functions from 

X to M. and Q — {f — I, {f,l) (z J- x J-'}. Assume that there exist r > 2 and p > 2 such that for any 
function g of Q U T , we have 



max 

l<fc<Tl 



\Sk{g)\ <CiV^\\g\\'J^l + n'/n, 



(3.25) 



where the constant C does not depend on g nor on n. If moreover 



2;(i-0/'-(_v>^(a.^jr))i/prfa. < oo and lim xP-^J\fp,i{x, J') ^ . 

a:— fO 



then 



lim lim sup E ( max 

<5— >0 ri— >oo 



sup n-P/'\S,{g)\A=0., 
^i<'=<»gee,||s||p,i<5 ^ 

id limlimsupiEf max sup n-P^^\Sk(fW] ^ . 

S^O „^oo 6 \l<k<[nS] f(zjr ^ " J 



(3.26) 
(3.27) 



Proof of Proposition [73 It is almost the same as that of Proposition 6 in [5] . Let us only give the 
main steps. 

For any positive integer k, denote by Mk = A/p,i (2^'"', J^) and by Tk a family of functions f^l'" < 



fi, . . . , fj^^ < fj^^ in T such that Wfj' — f^ ' j|p^i < 2 and for any / in there exists an integer 

l<i<Afk such that /f < / < /f . 

We follow exactly the proof of Proposition 6 in [5]. One can prove that for any e > 0, there exist 
N{e) and m = m{e) such that: for any n > N{£) there exists fn.m in for which 



max sup?i ^^'^\Sk{f) ~ Sk{fn,m)\ 

l<k<n ffzjr 



<£. 



(3.28) 



Now. p.26p follows from (|3.28p as in [T] (see the end of the proof of Proposition 6 in [S]). 

Let us prove (|X77)) . We apply (jg?^ with e = 1: forn > 5-^N{l), we infer from ((X^ that there 
exists f[nS],m ii^ for which 



max supn ^'^\Sk{f) - Sk{f[nS\,m)\ < VS . 

I<k<[n5] f^jr p 



Hence 



max supn-i/2|S'fe(/)| < + 

l<k<[n5] ffzjr p 



max supn ^^'^\Sk{f[nS].,n)\ 

l<k<[nS] f^jr 



(3.29) 
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Now, since J>„ contains 2Mm functions {gi)i^2N'm (each being one of the functions /™ or /™' in 
A/m), it follows that 



max supn ^''^\Sk{f[nSlm)\ < V ^ max [^^(g^)! 

I<k<[n5\ f^jr ' ' " p ^ V" l<fe<[n5] 

Let Km = maxygjr^^ ||/||p,i- Applying (|3.25p . we infer that 

(3.30) 

Since m = m(l) is fixed, ([XTfl) follows from and and the fact that p > 2. □ 



max supn-i/2|5,(/[„5i,„0| < 2CMmiK'J'^ ^6 + u-^p-^^/'pS'/p) ■ 

l<k<[nS] ffzjr p 



4 Inequalities for ergodic torus automorphisms 

In this section, we keep the same notations as in the introduction. Let us denote by -E^, E^, and Eg 
the S'-stable vector spaces associated to the eigenvalues of 5* of modulus respectively larger than one, 
equal to one and smaller than one. Let c?„, and ds be their respective dimensions. Let vi,...,V(i be 
a basis of R'' such that vi, ■■■,Vd^ are in are in E^ and Vd^+d^+i, ■■■,Vd are in Eg. 

We suppose moreover that det(z;i|'i;2| • • • l^d) = 1. Let || • || be the norm on given by 



max iXi 

i=l,...,d 



and do(-, •) the metric induced by || • || on M'*. Let also di be the metric induced by do on T"* namely, 

di(x,y) = inf do (a; + z,y) . 

We define now B„(5) := {y e E^ : \\y\\ < 5}, B,{5) := {y & E, : \\y\\ < 5} and B,{5) = {y € E, : 
\\y\\ < <5}. For every / : T"^ — > M, we consider the moduli of continuity defined, for every (5 > 0, by 



sup |/(x) - /(?/)| , 

■.yeT^ : di(x,y)<8 



x.yGT^ : di[x.y)<.S 

W(.,e)(/,<5) = sup{|/(x)-/(x + 7^ + 7^)1, xeT^ KeBsiS), K e B^iS)} 



(4.1) 



and 



W(«)(/,<5) = sup{|/(x) - fix + hu)\, X e K e Bu{S)} . 

Let r„ be the spectral radius of 5,^^ . For every p„ e (r^, 1), there exists K > such that, for every 



integer ri > 0, we have 
and 



yhueEu, \\S-''hu\\<Kp'^\\hu\ 



y{K,hs) eEeXEs, \\S'\K + hs)\\ < Kn-^-WK + K 



(4.2) 



(4.3) 



The following inequality is an extension to continuous functions of a result for Holder functions 
established in 1101. 
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Theorem 18. Let p„ e 1) and ( € (^i/(3(rf+2)(de+d.))^ -^-^^ y^^^g ^^^^^ C > 0, TV > 0, ^ € (0, 1), 
a sequence of measurable sets (V,i)„>o and a a-algebra such that J-'q C T~^J^q and such that, for 
every bounded (p : ^ M. and every integer n > N , we have 

I|IEM-^„]-^||^<Cc.(„)(^,pC), (4.4) 

onVn, \E[^\:F_„]-EM<C{Mo.C+^(s,e){^,C)) (4.5) 

and 

~X{T'' \ Vn) < CC , (4.6) 

where Tk T^^Tq for every k E "Z. 

Remark 19. With the notations of Theorem \18l i4-5\ l and ^.6^ implies that, for every p > I and 

every (pu,C) o,^ i'^ Theorem \1 81 there exists Cp such that, for every bounded (y9 : — > R and every 
integer n > 0, we have 

Vn>0, ||E[^|^_„]-EM||p<Cp(||^||ooe^+c^(.,e)(¥',C")). (4.7) 

The remainder of this section is devoted to the proof of Theorem [TH] and to the statements and the 
proofs of some prehminary results. Let p„ € (r„, 1) and K satisfying (|4.2p and (14. 3p . Let to„, m^, 
be the Lebesgue measure on (in the basis vi, Vd^), (in the basis Vd^+i, Vd^+d^) ^iid Es (in 
the basis Vd^+d^+i, ■■■■,Vd) respectively. We observe that d\(hu + he + hs) = dmu{hu)dme{he)dms{hs) . 

The properties satisfied by the filtration considered in [TTl [3] and enabling the use of Gordin's 
method will be crucial here. Given a finite partition V of T"^. we define the measurable partition 
by: 

Vx e V^{x) Pi T''V{T-\x)) 

k>0 

and, for every integer n, the cr-algebra J-n generated by 

VxeT^ ■P^„(x) := Pi T''riT-'\x)) =T-"'{V^{T'^{x)) . 

k>-n 

We obviously have J>j = T^"Jxi ^ J'n+i = T^^Fn- Let tq > be such that {hu, h^, hg) f->- 
hu + he + hs defines a difFeomorphism from Bu{ra) x Be{ro) x Bs{ra) on its image in T''. Observe 
that, for every x € T**, on the set x + Bu{ro) + Be{ro) + Bs{ro), we have dX{x + hu + he + hs) = 
dmu{hu)dme{he)dms{hs). 

Proposition 20 ( |1H [9] applied to T~^, see also |3]). There exist some Q > and some finite 
partition V of T** whose elements are of the form X]i=i where the li are intervals with diameter 
smaller than niin(ro,/v) such that, for almost every x G T'^, 

• the local leaf [x) ofV^ containing x is a bounded convex set x + F^, with G C Eu, 
having non-empty interior in E^, 



E[f\Fn]ix)^ — ^— rl f{x + hu)dmu{hu), 



we have, for all n G Z, 

m„(5-"i^T"s) 7s 
• for every 7 > 0, we have 

muid{F^)h)) < Qj , 

where 

dC{P):^{yeF : d^{y,dC) < p} . 
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Recall now an exponential decorrelation result for Lipschitz continuous functions. 

1/3 

Proposition 21 ([TT] and also section 4.1 of [H]). Let ^0 & [Pu ,!)• There exists Cq > sitc/i 
</ia^, for every nonnegative integer n and every Lipschitz continuous functions f,g:T'^—^C with 
Jja g dX — 0, we have 



(/.goT")dA 



< Co(||/||oo||5l|oo + \\f\\ooLtp{g) + \\g\\ooLtp{fm^ , 



where Lipih) is the Lipschitz constant of h. 

Let Q be the constant appearing in Proposition [501 The following result is an adaptation of 
Proposition 1.3 of |10| . 

Proposition 22. Let Ci G (pi/(3(rf+2)(de+<i,))^ -^^^ ^^^^^ ^^^^^ Ci > 0, TVi > 1 anrf ^1 € (0,1) suc/i 
</iai, for every X-centered bounded function ip : ^ M., every x £ T'', every n > Ni and every 
bounded convex set C C with diameter smaller than rg, satisfying m„(9C(/?)) < QP (for every 
P > 0), we have 



m„(5"C) Jsnc 



(f{x + hu) dniu{hu) 



m„(C) 



Proof. Let be as in PropositionEHwith Ci > ^i/(('i+2)(rfe+d,))^ -^et r := We take e„ = a" 

with a e (0, 1) such that Ci > a > ^i/((d+2)(d.+da)) > ^-1 ^g^. _ j,-n- _^ c + Bs(e„) + Be(en). 



We have T"(C/) = i + ^"C + 5"B^(e„) + S'"Se(e„). We have 



ip{T"{T "a; + /i„ + /ic + hs)) dmu{hu)dme[he)dms{hs) 
+ + he + hs) drriu{hu)dme{he)dms{hs) , 



with V„ := 5"C x S'"Be(e„) x S'"B^(£„). Moreover we have 
Hence, due to (|4.3p . we have 



i^(a; + dmu{hu)dme{he)dms{hs) ■ 



lT"C/.</?rfA- ms(S'"(B^(£„))me(S'"(5e(e„)) / tp{x + h.^) dmu{h^) 

fd Js"C 



< A(f/)W(,,e)(V,^"''=£n) 



Since A(C/) = mu{S^C)ms{S"'{Bs{en))me{S"{Be{en)), we get, for n large enough (that is, such that 



A(;7) Jt. 



Ix^uip dX 



(f{x + hu) dniu{hu) 



< UJ(s.e){^,Kn'^''en) 

< a;(.,e)(v,Cr)- 



For every n > and x S T'^, we define Xn{x) := {d + l)2-''r"(''+i)<ii(x, T*^ \ 5(0, r"")), where 
B(0,r-") = € T'^, di(0,i) < r""}. Let us observe that Xn is a nonnegative (d + l)r"(^+i)2-''- 
Lipschitz continuous function supported in i3(0,r~"), uniformly bounded by {d + l)2^'*r"'^ and such 
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that Xnd^ = 1- We will denote by * the usual convolution product with respect to A. We will 
estimate 



lu o T-^.ipdX - / (x„ * lu) o T-".(x„ * if)) dX 

Jd Jfd 



First observe that 



Second, we have 



and let us prove that 



<c.(^,r-")A(f/) 



(x„*lc/-l£/)or-".(^dA 



< IIV'lloo / \Xn * l£/ - Ic/MA . 



fd 



|x„*la-lc/MA<3A(aC/(r-")), 



(4.8) 



(4.9) 



(4.10) 



To see this, observe that Xn{'t)'^u[x — t)~ '^u{x) = (Xn(f) — l)lc/(a;) except if lu{x — i) ^ 1(7(S) and 
if f G i?(0,r~"). Hence x„ * 1(7(2;) ^ l£/(a;) implies either that a; G i9J7(r~") or that a; belongs to the 
set i/' of points such that x ^ U but there exists to £ -8(0, r~") such that a; — io S C^- 
On the one hand, we have 



/ \Xn * - ^ul dX < 

JdUir-") JdU(r- 



jd 



Xn{t)-\-u{x - t) dX{t) dX{x) + X{dU{r'" j) 



< X{dU{r-")) Xn{t)dX{t) + X{dU{r-")) 

< 2A((9C/(r-")), 

using the fact that Xn is nonnegative with unit integral. On the other hand, we have 



Xn^lu-luldX < / / Xnit)luix-T)dX{t)] dX{x) 

< [ ([ Xn{t)dX{t)) dX{x) 
Jt'\U \Jt:x-t<£U I 

< [ I [ Xn{x-s)dX{s)] dX{x) 
Jt' \JdU{r-") I 



(4.11) 



< 



a(7(r-'>) 



Xn{x - s) dX{x) dX{s) = A(af/(r-")), (4.12) 



using again the properties of Xn- Now, (|4.1ip and (I4.12p directly give (|4.10p . Due to (|4.8p . (|4.9p and 
(|4?T0)) . we have 



X{U) 



jd 



IjjoT-'^.LpdX 



< 



^—(j ^jxn*lc/)°T-".(x„*^))rfA 

+ A(C/)w(^,r-") + 3||^|UA(9C/(r-")) 



X{U) 



Now, the hypothesis on mu{dC{j3)) implies that there exists Qi (depending on Q and on T) such that 

V?i > 0, A(9t/(r-")) < Qir"" . 
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Moreover, applying Proposition [5T] with f = Xn* V g = Xn*'^u ^-iid using the fohowing facts 
liXri * viloo < llvlloo, llXn * lc/||oo < 1, Lip{xn * Ic/) < Lip{xn) and Lip{xn *'p) < WfWooLipixn), 
we get the existence of Cq (depending on Co and on Q) such that we have 
1 



A(C/) 



luoT-'^.ifdX 



'm„(C) 



< 3Co||(^| 



^ri/(rf+2) 
?0 



mu{C) 



l/(d+2) 




We conclude by taking :~ S,^ 



l/(d+2) (d.+d,) 



< 1. 



□ 



In the next result (which is an adaptation of Proposition 1.4 of [TU]). we prove that Proposition 
[22] holds true with the stable-neutral continuity modulus W(s.e) instead of 

Proposition 23. Let Ci € y/jg^g g^.^^^ C2 > 0, TVa > 1 and $2 e (0,1) such 

that, for every X-centered bounded function 93 : — > M, every x G T'', every n > N2 and every 
bounded convex set C C £"„ m^/i diameter smaller than ro and satisfying mu{dC{(3)) < Qj , we have 



1 



m„(5"(C)) 



)dmu{hu) 



s^c 



(<,,Cr) 



Proof. We consider a finite cover of T'* by sets Pi ^ yi + Bu{ro) + Be{ro) + Bs{ro) for i = 1, 
yi being fixed points of T''. We consider a partition of the unity Hi, .■.,Hi (i.e. ~ 1) such 

that each Hi is infinitely differentiable, with support in Pi. Let ip : T'^ ^ M. he a bounded centered 
function. For every i = 1, we define ipi := Hiip. We have 



/ (p{x + hu) dmujhu) = / (pi{x + hu) dniuihu) 



(4.13) 



We also consider a continuously differentiable function g : Eu [0, +00) with support in Bu{ro) and 
such that g{hu) drriuihu) = 1- We approximate now each i/j^ by a regular function -0^ by setting, 
for every {hu,he,hs) € B„(ro) x Be(ro) x Bs{ro), 



ipiiVi + hu + he + hs) = g{hu) 
Ipi being null outside of Pi. We observe that 

■>pi dX 



S„(ro) 



iPiiyi + K + he + hs) dmu{h'^), 



(pi dX, 

Pi 

that llV'illoo < ||<(f||oo||g||oo'7i„(-Bu(ro)) and that, for every 5 > 0, 

w(?/'i,(5) < mu{Bu{ro)) [\\ip\\ooLip{g)6 + \\g\\ooUJ{s,e){fi,S)] 

< rUuiBuiro)) [\\(p\\ooLip{g)d + \\ Lip{H,)6+\\ 

00 

Now, applying Proposition 1221 to ipi, for every n > Ni, we have 



mu(5'"C) Js 



Tpiix + hu) dmu{hu) 



<K[ 



W\\ooS.l 

mu{C) 



+ UJ^^s,e)[vXl) + \W\\ooCl 



(4.14) 
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We observe that the connected components of (a;+S'"C)nPi are x + Cij, where C^j- are some connected 
subsets of Eu- We have 

/ (fijx + hy) duiuiK) = / ^i{x + hu) dmu{hu) 

Js-^c Jc, , 

and 

■il}^(x + hu) dmujhu) = / il>.i{x + hu) dmu{hu) . 



S^C J JC^.j 

Now. if Cij does not contain any point of d{S"C), then there exists hi^^ e Se(ro) and /li"'-' e Bs{ro) 
such that 

Using the definition of -0^, we get 

V'jXx + hu) dmu{hu) = / iiiivi + /li'''' + /li^^ + hu) dmu{hu) 



Vi(2/i + /ie''^ + h^'' + duiulhu), 



since /b^(^^) dmu{hu) = 1 and so 



Therefore we have 
1 



■>pi{x + hu) dniuihu) = / (fi{x + hu)dmu{hu). 



+ hu) - ipi{x + hu))dmu{hu) 



m„(9(g"C)(ro)) 
m„(9C(i^p>o)) 



< 21 



m„(C) 



< 2||y3||oo 7^ (4.15) 

We conclude thanks to (|4TT3l) . (|47T4|) and (|4?T5l) . by taking ^ max(^i, Ci, Pm). □ 

Proof of Theorem llSl The first point comes from the expression of E[(/3|J>i] given in Proposition 1201 
and from (|4?2|) . 

Let Ci, C2, 6 and N2 as in Proposition [23] with Ci < C- Let l3 e (^2, 1) and V„ := {mu(i^.) > ,3"}. 
We take ^ = max(^2//3,/3~). To prove the second point, we use again the expression of E[</?|J^_„] 
given in Proposition l20l and we apply Proposition l23l with C = i^T-"(2) with the notation of Proposition 

m 

Now, the last point comes from the fact (proved in Proposition II. 1 of [5]) that 

3L > 0, yn > 0, XiniuiF.) < /?") < L^^ . 

□ 
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5 Proof of Theorems [T] and [4] 



In this section, C is a positive constant which may vary from hnes to hnes, and the notation a„ <^ bn 
means that there exists a numerical constant C not depending on n such that an a„ < C6„, for all 
positive integers n. 

Proof of Theorem]^ The proof is based on PropositionlHlof Section[31 which gives sufficient conditions 
for the weak invariance principle in 2-smooth Banach spaces. 

Let Yi{s) = lfoT'<s ~ F{s) and let J^i be the filtration introduced in Section Note first that, 
for 2 < p < OO; the space L^" is 2-smooth and p-convex (see [16]). Moreover it has a Schauder basis 
(and even an unconditional basis). 

Hence it suffices to check p.2|) of Proposition \6\ As in [2] , there exists a positive constant C such 
that 



E iiii^-fe(i^o)iiL.ii2 < cj2 (^E iiii^-(^")iii^''ii2) ' < (^E 







k—1 i—k 
CO _, oo 



k—1 i—k 
oo ^ oo 



1/p 



V LX_) oo ^ , oo ^ OO 

and E llll^'-fe(i^o)||L.||2<CE(7:Ellll^«+i(^o)lli^''ll2) '<CE(t:EIIII^'+i(^o)IIlHI^ 



i/p 



fc— — OO A;— 1 i—k 

Since is p-convex, it follows that 



A;— 1 i—k 



E||||^-.(>o)I!l.|I^ <i^1lllE(i"fc|-^o)llL.|l^ and E H ll^'+i(^o)lkHl^ < ^^11 -E(i^-n|-^o)llL. 



i—k 



i—k 



Hence (|3.2p is true as soon as 

E^I1I|IE(>;.|-^o)I|l.|Ip<oo and ^ J^||||y_„-E(y_„|j-o)|| 



n>l 

Let us have a look to 



IE(l'n|^0)||Lp||p= E / \Ff,T'^\^„{t) - F{t)\Pdt 



<(e f \FfoT^^^^^{t) - F{t)\dt 

J IR 



1/p 



1/p 



Now 



/ |i^/oT"|^„(0-nt)Mt= sup E(go/oT"|J-o)-E(.go/) 

Jm gGAi 



where Ai is the set of 1-lipschitz functions. Hence, since uj(^s,e)ig ° /j ■) is smaller than uj(s,e){f^ Oj it 
follows from and of Theorem [T51 that 

||||E(rfe|J-o)||Lp||p< (e(sup E(go/oT''^|J-o)-E(.go/) ) ) '^"^ < C((c.(,,,) (/, C"))^/'' + 11/11^/^/^) , 

by noticing that we can replace Ai by the set of g e Ai such that g o /(O) = 0. In the same way, due 
to (|4.4p of Theorem [HI we have 



|r_„ -E(r_„|j-o)|lLp|lp < c{u^^){f,pi)) 



n\\l/p 



The result follows. 



□ 
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Proof of Theorem [7} Our aim is to apply the tightness criterion given in Proposition 1171 Let Xi = 
/ o T' and let Ti be the filtration defined in Section |31 We need the following upper bounds. 

Lemma 24. Let gs,tiv) — ^v<t ~ li;<s; o-nd let P he the image measure of A hy f . Under the 
assumptions of Theorem^ we have, for any /? > 1, 

k=0 k=0 ^ ' 

Lemma 25. Let p > 2. Under the assumptions of Theorem^ we have 

||Eo(ff,,t(Xfc) -E(g,,t(X,))!|p « fc-W(-+rt 
WqsAX:^ - Efc(g.,t(Xo))!|p « fc-«"/("+f) , 
and, for the coefficient A{gs,t{X) — E[(7s.t(X)], j) defined in I13.12\) . 

Let us continue the proof of Theorem |4] with the help of these lemmas. From Proposition [T3l and 
Lemma [221 we derive that, for p > 2, 

- - k=l k=l 

where 7 can be taken 7 = 0for2<p<3 and 7 > p — 3 for p > 3. Therefore if 

f B (p-l)(2a + p) 
a > max 1 H — , 



\ a pa 
then setting r = 2(/3 + a) / {(3 + a — 1), we get that 

,1/2||„_||1A , „1/P 



max \Skigs,t)\ « n^^^\\gs,t\\pi+- 

l<k<n p ' 



We shall apply the tightness criterion given in Proposition [T71 Since Afp^i{x,T) < Cx ^ for the class 
T = {u I—?' lu<t,t G M^}, we get that 



1 



^^~''^^''{Np,i{x,T)y/Pdx <C x^^-'^^^'x-^^Pdx <oo, (5.1) 



as soon as p > 2£{/3 + a)/ {j3 + a — 1). Moreover 

lim xP-^Afp 1 (x, J") = (5.2) 

as soon as p > 2 + ^. 

Hence if p €]2, 2i{l + a~^)], we take /? = {2a£ + (1 — a)p)/{p — 21) + e for some positive and small 
enough e (so that /3 > 1), and we infer that (|5.ip and (|5.2p hold provided that p > max(£ + 2, 2£) and 



^ / N ( P (P- l)(2a + p)\ 
a > g...(p) = max (^(^3^, ) 



Taking the minimum in p > max(£ + 2, 21) on the right hand, we obtain that (|5.ip and ()5.2p hold 
provided that a > a{£,a), where a{£, a) has been defined in (|2.2p . 

We infer that p.26p and p.27p of Proposition[T7]hold for this choice of a, which prove the tightness 
of the empirical process (see [17], page 227). 

Note that the weak convergence of the finite dimensional distributions holds as soon as a > 
{a + 2) /2a (this can be proved as in [5] by using Lemma [25]). 

□ 
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Proof of Lemma\^ We prove the results for ^ = 2. The general case can be proved in the same way. 
For u £ R, let hu{x) = lx<u- By definition of gg^t, 

with the notation (Gi ® G2)(wi,'«2) := Gi{ui)G2{u2)- For e > 0, let /i„,e(a;) = lx<u — £~^{x — u — 
£)'^u<x<u+e and note that hu^e is Lipshitz with Lipschitz constant . We have the decomposition 

hti (8) ft-ta = ^ti,e <8i ft.t2,e + i?t,e, where 

Setting 

we obtain the decomposition 

9s,t = gs,t,e + Hs^t.ei with Hs,t,e = Rt,e ~ Rs,e ■ (5.3) 

On the other hand, we have that 

Cov{gsAXo),9sAXk))^m9sAXo)-n9sAXo)\J'[k/2]))9sAXk))+Cov{E{^^^^^ 
Using (|5.3p . we have that 

E((g,,t(Xo) - E(.g,,,t(Xo)| J-[fe/2])ks,t(^fe)) = m9s,tAXo) ~ E(5s,t,e(^o)|^[fc/2]))i7«,t(^fe)) 

+ E((i/,,t,,(Xo) -E(ff,,t,,(^o)|-^[fe/2]))5.,t(^fe)) • (5.4) 

Applying (|4.4p of Theorem [iHl we infer that 

\E{{gs,tAXo)-n9s,tAXo)\J'[k/2]))9sAXk))\ < C\\g,,t\\p,i£~'^iu){f,pl'^^^)- (5.5) 

Applying Holder's inequality, and using the fact that the distributions functions of fi and /2 are 
Holder continuous of order a, we get that 

mH,,UXo) - E{H,,UXo)\^[k/2]))9sAXk))\ < ChsA^p^A'^^^e"^^ ■ (5-6) 
Using (|5.3p again, we also have that 

Cov(E(g,,t(Xo)|J-[fe/2i),5s,t(^fe)) = Cov(E(5,,t(Xo)|J-[,/2]),ff.,t,e(^fe)) 

+ Cov(E(53,t(Xo)|J-[,/2]),ffs,t,e(^fc)) . (5.7) 

Let V„ be the set introduced in Theorem [THl Applying (|4.5p of Theorem [151 we have that 

|Cov(E(5,,t(Xo)|J-[fc/2]),g.,t.e(^fc))| <GE(|E(5,,,(X_,)|J-[,/2]-fc)|lv,^_,,,,,)+ 

C\\g,ApA^^'^'^+e-\sMfX^'^'^))- 
Since A(V^_jj./2]) — G^I*^/^', applying Holder's inequality, we get that 

E(|E(ff,,(X_,)|J-[,/2]_fc)|lv,,_,,,,,) < . (5.8) 

Applying Holder's inequality again, and using that the distributions functions of /i and /2 are Holder 
continuous of order a, we get that 

\CoyiE{g,AXo)\^lk/2]),H,,tAXk))\ < CWg^ApA'^^" ^"^^ ' (^.9) 
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Gathering the bounds ^^E^, dST]), dEH]) and ((531), we get that 

Taking e = \\gs,tfj}"^^^ k-'^^^^^^'+'^K we get that 

\Co.{gsAXo),g.Ax,))\ < c\\gsA'pT"^^''^''\]^;i^^ • 

The result follows by summing in fc. □ 

Proof of Lemma [E5[ Using the same notations as in the proof of Lemma [Ml and using that the 
distribution functions of /i and /2 are Holder continuous of order a, we obtain that 

\\Eoig,AXk) - EigsAXkMp < \\Eo{g,^tAXk) - E(.9,,t,a^fc))llp + Ce'^^" ■ 

Recall that the V„ introduced in Theorem \TE\ is such that A(V,^) < C^". Applying Theorem [TSl (see 
(|4.7p). we obtain that 

m,{gs,tAXk)-ngs,tAXkmp < c(e-v,,e)(/,c') 

Consequently 

WEoigsAXk) Eig^AXkMp < + e'^^'^ + e^^) . 

Choosing e = we obtain that 

WEoigsAXk) ~ Eig^AXkMp < ^(^^^1^ + ^'^'') ' 

proving the first inequality. 
In the same way 

hsAXo) - EAgsAXoMp < hs.tAXo) - EAgs.tAXoMp + Ce"/^ . 

Applying (|4.4p of Theorem (TSl we obtain that 

\\gsAXo)-EAgsAXomp < C(£-ic.(„) +^"^^) ■ 

Since ui(^u){fTP^) ^ Ck~°', the choice e = fc-'^p/("+p) gives the second inequality. 

Let h'-°^X,) ^ h{Xi) ~E{h{X^)). To prove the third inequality, we have to bound up 

sup \\Eo{g'-J^kXr)gf]iX,+mp/2 and sup ||Eo(.gi",' - E{gi']iX,)gi']{X,+Mp/2 ■ 

i>0 0<i<j 

Using the decomposition (j5.3p . and the fact that the distibution functions of /i and /2 are Holder 
continuous of order a, we get that 

||Eo(gl")(X,)gl.?(X,+,))llp/2 < \\Eoigf'liX,)gf'liX,+Mp/2 + Cs''^^' , (5.10) 

and 

||Eo(5l°'(X,)5l°^(X,+0) - E(.gl°)(X,)5l°^(X,+,))|l,/2 

< \\Eo{g^°l(XAgi%(X,^,}) E{g^l{X,)g^lAX,+M^^, + Ce^-Z^ . (5.11) 
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Writing 

\\Eoigi%{X,)g'^°l{X,+Mp/2 < |!Eo((g,,t,,(X,) - Eig,,tAX^)\T,+u/2]))9^%{X,+mp/2 

+ ||Eo(E(.9,,t,,(X,)|J-.+b/2]).9i°^,e(^,+.))llp/2 , (5.12) 

and arguing as in Lemma [531 we infer that 

mo{9i%ix,)g<:^lix,+mp/2 < + . (5.13) 

From (|5.10p and (|5.13p . we obtain the bound 

\\Eo{gi°}{X,)gi°kx,+m,/2 < + e^"/'' + • 

Taking e = j-'^p/(2"+p)^ ^e obtain that 

sup \\EoigfJiX,)g^]{X,+Mp/2 < Cr ''^"/('"^^^ • (5.14) 

i>0 

Let LP gs,t.e o / - H9s.t,e o /). Applying Theorem [H] (see (|T7|) ). for i < j, 

\\Eo{gi°l{X,)g^fl{X,+,)) - E{gi%{X,)gi%{X,+Mp/2 = ||E(^.^ o r | J-_,) - E(v..^ o 

<C(C'^/P+c.(,,e)((p.^or,C^)). 

By (1331), c^(,,e)('P•'^°T^C^■) <W(,^,)((/,,ifC^/0) <W(.,e)(¥',iCo^ that 

l|Eo(5i°!e(^.)5i°L(^.+0) - E(gi°),(X,)gi°),(X,+,))llp/2 < Cie^^^ + ..(,,e)(^, LCi?")) . (5.15) 

Since W(s e) (v'j -^Co) ^ £^^^(s,e) (/, ^Co) — C'e^^j^", we obtain from ()5.1ip and (|5.15p that 
|jEo(3i°)(X,)gl°)(X,+.)) - E(g(")(X,)gl°)(X,+,))llp/2 < + + ?'''^') • 

Taking e = j-ap/(2"+p)^ we obtain that 

sup \\Eo{g^^hx,)g^s!hx,+^)) - E(.g(",'(X,).g(°'(X,+0)llp/2 < C.r''^"/('"+^^ • (5.16) 

0<i<j 

The third inequahty of Lemma foUows from (|5.14p . (|5.16p and from the definition of A{gs^t{X) — 
E[gs^t{X)], j) given in Proposition [331 □ 

6 Appendix 

In this section, we prove Remark |S1 so we give the solutions of the equation (|2.3p . We first write 
(|2.3p under the following form + bp^ + cp + d = 0. Following the classical Cardan method, we set 
p' := —Y + c and q := ^(26^ — 9c) + d (this leads to the formulas for p' and q as given in RemarkjSl). 
Observe that p^ + bp^ + cp + d ~ means that z ~ p + ^ satisfies z'^ +p'z + q — 0. We then compute 
as usual A := + ^{p')^. We get 

A = ((64/27)£- (64/27)£^ - 16/27)a'' + (-(128/27)^^ 

+ (128/27)^2 - (32/9)^)a3 + ((32/27)£ - (64/27)^'' + (16/27)^^ - 16/27 - {128/27)e^)a^ 

+ {-{32/9)e - (32/27)£^ - (64/27)^"* - (32/9)£^)a - (16/27)£2 - (16/27)^'' < . 
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Since A is negative, we use the usual expression of the solutions z with cos and arccos (to which we 
substract 6/3). So the solutions are 

J + \-a „ rV /l / 9 / 27 \ 2fc7r\ 

= + V" 3 1^3 ™ (,"2 V j + — j 

for fc S {0, 1, 2}. Clearly pi < P2 < Po- The unique solution in ]2^, 4£[ is then po- 
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